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Abstract— A joint petrophysical and structural inversion
method for electromagnetic (EM) and seismic data based on
the volume integral equation (VIE) is proposed in this paper.
In the forward EM problem, only the contrast of conductivity is
solved by the electric field integral equation method. However,
in the forward seismic problem, both the contrasts of velocity and
mass density are solved by the combined field VIE method. Both
forward solvers are accelerated by the fast Fourier transform.
In the inversion problem, by using the petrophysical equations
about the porosity and saturation and applying the chain rule,
we fuse the EM and seismic data and construct the joint
petrophysical inversion equations, which can be solved by the
variational Born iteration method. Then, in order to further
enhance the reconstructed results of the joint petrophysical
inversion, we enforce the structural similarity constraint between
porosity and water saturation and add the cross-gradient function
to the joint petrophysical inversion cost function. Two typical
geophysical models based on the remote sensing measurement
are used to validate the proposed methods. One is the cross-well
model, and the other is the marine surface exploration model.
The advantage of the joint inversion compared with the separate
inversion is evaluated based on the resolution and the data misfits
of the reconstructed profiles as well as the antinoise ability.

Index Terms— Joint inversion, petrophysical, structural
similarity, variational Born iteration method (VBIM).

I. INTRODUCTION

ELECTROMAGNETIC (EM) and seismic full-waveform
inversions play an important role in geophysical explo-

ration and reservoir monitoring [1]–[3]. Due to their own
advantages and disadvantages, these two methods are
employed in different scenes. EM data are mainly used to
invert for the conductivity distribution in the underground
region [4], which is widely adopted in metal mine and ground
water detection. However, the propagation of low-frequency
EM wave in the earth is diffusive and suffers from high
attenuation. The reconstructed conductivity profile has a low
image resolution. On the contrary, seismic waves in the earth
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have little attenuation, thus seismic inversion results have
much higher structural resolution than EM inversion results.
Unfortunately, the seismic method lacks the ability to discern
oil from water, which is an important issue in geophysical
resource exploration. By contrast, due to the high contrast
of the conductivity of water and oil, EM fields play an
indispensable role to identify the fluid type. Conventionally,
these two inversion processes are performed individually, and
the inversion results are finally analyzed simultaneously to
explain the underground structural and conducting informa-
tion. Therefore, the joint inversion of EM and seismic data is
of great concern to researchers.

The idea of the joint inversion was first proposed in [5]
and acquired a great development in the following decades.
There are mainly two types of joint inversion methods. One
is to invert for the petrophysical parameters [6]–[8], such as
porosity and fluid saturations, to link different geophysical
parameters, like conductivity in EM problems and velocity
and mass density in seismic problems. The links are based on
petrophysical equations. For example, Archie’s equation [9]
and Waxman and Smits’ equation [10] build the relation-
ships between porosity, water saturation, and conductivity.
Gassmann’s equations [11] realize the relationship between
velocity, mass density, porosity, and fluid saturations. The
petrophysical relationships can be obtained by the core analy-
sis in the exploration region. Although the petrophysical
equations are empirical and problem-dependent [12], they are
widely adopted in geophysical engineering due to their strong
constraint and good performance. The update of the inverse
parameters is simultaneous in this petrophysics-based joint
inversion. The second joint inversion method is based on the
assumption that there is a structural similarity between the
different physical parameters [12]–[14], which is reasonable
in the real world. By using the cross-gradient function to
link different physical fields [13], the structures of differ-
ent parameters in the same geology will be kept similar
when the cross-gradient function is minimized. Different from
the petrophysics-based method, the constraint by the struc-
tural similarity is weak. Because the joint structural inver-
sion method is more general and problem-independent [15],
it can be easily applied to various kinds of physical
scenes [16], [17]. There are two types of updating fashions for
the joint structural inversion. One is alternating [12], and the
other is simultaneous [15]. On the one hand, the alternating
fashion has less computation and memory storage than the
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simultaneous fashion. On the other hand, simultaneous inver-
sion is more robust [15]. Our previous research is based on
the structural similarity [18], in which the variational Born
iteration method (VBIM) is used to reconstruct the contrasts
of velocity and conductivity in the 2-D layered media by the
alternating fashion. However, the petrophysical parameters are
not considered.

In this paper, we fuse the joint petrophysical and structural
inversions by constructing a unified cost functional based
on the volume integral equation (VIE) method. The direct
inversion parameters are the porosity and fluid saturations.
In the full-waveform inversion process, the 2-D EM forward
scattering problem is formulated by electric field integral
equation (EFIE) in layered media with only the contrast of
conductivity taken into account [19]. But for 2-D seismic
forward scattering, both the compressibility contrast and mass
density contrast are included in the VIE [20]. The forward
iterations for the EM and seismic scattering are achieved
by the stabilized biconjugate gradient (BCGS) method and
accelerated with the fast Fourier transform (FFT) [21]. How-
ever, in the inversion process, the petrophysical parameters
are retrieved jointly by the VBIM. The update of the direct
inversion parameters is carried out through the chain rule,
which links the original VBIM equation and the variation
of petrophysical equations. Then, the minimization process is
carried out by conjugate gradient (CG) method. Considering
the natural range of the porosity and fluid saturations, we intro-
duce the nonlinear transform in VBIM to constrain the ranges
of these two parameters during the inversion process [22].
Furthermore, we take the cross-gradient function into consid-
eration to enforce the structure similarity between porosity
and saturation and adopt the simultaneous updating fashion.
The inversion results from synthetic data with two typical
geophysical models are used to evaluate the performance of
the separate inversion and joint inversion.

This paper is organized as follows. In Section II, we first
introduce methods for forwarding EM and seismic scattering
computation based on VIEs. Then, separate inversions of EM
and seismic data are discussed. Joint petrophysical inversion
which can be further enhanced by enforcing the structural
similarity constraint between porosity and water saturation is
presented in Sections II-C and II-D. In Section III, we test the
performance of joint inversion methods as well as separate
inversion methods with two geophysical models based on the
remote sensing measurement, which are illustrated in Fig. 1.
One is the cross-well model, and the other is the marine sur-
face exploration model. Finally, conclusions and discussions
are presented in Section IV.

II. METHODS

A. Forward Model
In the 2-D problem, we define the computational domain �

in the xz plane and assume all the parameters are invariant
along the ŷ direction. The electrical excitation source is along
the ŷ direction, i.e., only the ŷ direction (TMy) wave is con-
sidered. When the transverse magnetic referring to the TMy
wave propagates, the electric field exists only in ŷ direction,
while the magnetic field exists in both x̂ and ẑ directions.

Fig. 1. Illustration of remote sensing measurements in two typical models.
(a) Cross-well model, in which the transmitter and receiver are located in the
two boreholes. (b) Marine surface exploration model, in which the transmitter
and receiver are located near the seafloor.

For the EM problem, the scalar Helmholtz equation deduced
from Maxwell’s equations is�

�+ k2
EM

�
Ey = jωEMμ0 Jy (1)

where ωEM is the EM angular frequency, μ0 is the per-
meability in free space, Jy is the EM source, and kEM =
ωEM(μ0�̃)

1/2 represents the complex wavenumber of the EM
field. We use σ expressing conductivity and � expressing the
real permittivity. Considering σ/ωEM � � in low-frequency
geophysical application, the complex permittivity is

�̃ = � + σ

jωEM
≈ σ

jωEM
. (2)

For the seismic problem, the scalar acoustic approximation
is used, which shows well-posedness in inverse problems [23].
Unlike our previous work [18], we no longer neglect the
contrast of mass density ρ in this paper. The acoustic wave
equation in frequency domain for scalar pressure p is [24]

∇ · ρ−1∇ p + ω2
s κp = −S (3)

where ωs is the acoustic angular frequency, κ is the compress-
ibility, and S is the source term. The relationships of κ , ρ,
velocity c, and bulk modulus K are

κ = 1/K (4)

K = ρc2. (5)

As we discussed in [20], the wave scattering problem in
layered media can be formulated by the VIE. The total field
is split into the incident and scattered field. The VIEs in
general have no analytic solutions. They are first expanded
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by a set of basis functions and then solved numerically. The
traditional method of moments (MoM) is not always adopted
to solve the discretized VIEs due to its high computation
cost [25]. The computational complexity of MoM for CPU
time is O(N3), and the memory requirement is O(N2), where
N is the number of unknowns in the computation domain.
In contrast, the iteration solver BCGS expedited by FFT
only needs O(M N log N) CPU time and O(N) memory [26],
where M is the number of iterations.

For the reason that the mass density ρ is considered, (3)
in this paper is different from (2) in [18]. Therefore, the VIE
used to solve (3) in this paper is different from the EFIE used
to solve (2) in [18]. In order to clarify the difference, we first
give the analogy of (3) in the EM problem. When both the
contrasts of permittivity and permeability in the EM scattering
problem are considered, the 2-D Helmholtz equation is [27]

∇ · μ−1∇Ey + ω2�Ey = jωJy. (6)

Comparing (3) with (6), we find that ρ and κ in (3) are
analog of the permeability μ and the permittivity � in (6),
respectively. The unknown p in (3) is similar as the unknown
Ey in (6). We have used the combined field VIE (CFVIE)
method to solve the EM scattering problems with both the
contrasts of permittivity and permeability in [20]. Therefore,
all the methods in [20] can be applied to solve p in (3).
The particle velocity v in acoustics is corresponding to H in
2-D EM scattering problem solved by CFVIE.

B. Separate Inversion

VBIM based on the integral equation is first pro-
posed in [28] and employed widely in geophysical inver-
sion [18], [29], [30]. VBIM takes the variation of the scattered
field about the contrast and minimizes the cost function to
update the inverse parameters [29].

For the EM model, the scattered electric field in the
receivers is scalar and can be expressed as

Esct(r) =
�
�

GEJ(r, r�)χ�(r�)E(r�)dr�. (7)

Because of the approximation in (2), the contrast of
permittivity in (7) can be defined as

χ� = σ − σb

σb
(8)

where σ is the conductivity in the computational domain, and
σb is the conductivity of the background medium. GEJ is
the 2-D Green’s function in homogeneous or layered media.
Its derivation has been discussed in [19]. χ�(r�)E(r�) is actu-
ally the equivalent electric current source in the computational
domain �.

For the seismic model, the scattered pressure field in the
receivers is expressed as

psct(r) =
�
�

G pSκ (r, r�)χκ(r�)p(r�)dr�

−
�
�

GpSρ (r, r�)χρ(r�)v(r�)dr� (9)

where the contrast of compressibility is defined as

χκ = κ − κb

κb
(10)

and the contrast of mass density is

χρ = ρ − ρb

ρb
. (11)

In (9), G pSκ and GpSρ are the 2-D Green’s functions for
seismic wave which are analogous to GEJ and GHM in EM
problems. G pSκ denotes the pressure field generated by the
equivalent source χκ(r�)p(r�), while GpSρ means the pressure
field generated by the equivalent source χρ(r�)v(r�).

We take the variation of (7) and (9) about the contrasts and
obtain

δEsct(r) =
�
�

GEJ(r, r�)E(r�)δχ�(r�)dr� (12)

δpsct(r) =
�
�

G pSκ (r, r�)p(r�)δχκ(r�)dr�

−
�
�

GpSρ (r, r�)v(r�)δχρ(r�)dr� (13)

where E , p, and v are the total fields in the forward computa-
tion. This is different from our previous work [18], in which
the incident fields are used to approximate the total fields,
i.e., the Born approximation is adopted [18], [29]. The Born
approximation is only suitable for weak scattering. In this
paper, we directly use the total fields in (12) and (13). Conse-
quently, the strong scattering problems can also be computed.
δEsct and δpsct are the misfits of the scattered fields between
the measured data and the computed data similar to that in
our previous work [18]. The inversion process in the VBIM is
to obtain δχ� as well as δχκ and δχρ by minimizing the cost
function, which is defined as

Fq (δχq)=
∥∥δfsct

q−1−Lq−1δχq

∥∥2+γ 2

∥∥δfsct
q−1

∥∥2

�δχq−1�2 �δχq�2 (14)

where � · � means the L2 norm, q is the iteration index,
fsct is the scattered electric field or scattered pressure field,
γ is the fixed regularization factor, and χ is the contrast
which can be χ � or the combination of χκ and χρ . In each
iteration, we compute the scattered field from the newest
inverted parameters. Then, we update δfsct

q−1 by subtracting
the computed scattered field from the measured scattered field.
�δfsct

q−1�2/�δχq−1�2 is the self-adaptive regularization factor,
which can decrease along with the inversion process according
to the change of δfsct and δχ in the previous step. The least
square problem of (14) is transformed into [18]

⎛
⎝L†

q−1Lq−1 + γ 2
��δfsct

q−1

��2

�δχq−1�2 I

⎞
⎠ δχq = L†

q−1δf
sct
q−1 (15)

where † means the complex conjugate and transpose operation.
This equation can be solved by the CG method [31] to
obtain δχq . Once δχq is obtained, we update χ and perform
the forward computation to compute the total field E in (12),
and p and v in (13). Then, fsct

q and Lq in (15) can be
updated to obtain δχq+1. Because the inverse parameters are
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not frequency-dependent, the iteration can be easily applied
for the simultaneous multifrequency inversion.

Note that there are four criteria to terminate the iteration in
the inversion process by VBIM as follows.

1) Data misfit is less than the threshold.
2) Decrease of data misfit between two iterations is smaller

than a threshold.
3) The data misfit in the latest iteration is bigger than the

previous one.
4) The change of inversion parameters is smaller than a

threshold.
To quantitatively evaluate the performance of inversion,

we define the model misfit as

Errmodel = �minv − mtrue�
�mtrue� (16)

where minv is the inverted parameter in the discretized compu-
tational domain, and mtrue is the true parameters distribution
in that region.

We also define the data misfit as

Errdata =
��fsct

inv − fsct
meas

����fsct
meas

�� (17)

where fsct
inv in the receivers is the scatted field computed from

the inverted parameter minv, and fsct
meas is the scattered field

from measurement.

C. Joint Petrophysical Inversion
For joint petrophysical inversion, we build relationships

between geophysical parameters and petrophysical parame-
ters based on the petrophysical equations. In the following,
we will see that the petrophysical parameters can determine
the geophysical parameters uniquely, while geophysical para-
meters can match countless compositions of the petrophysical
parameters.

For the EM parameter, we adopt Archie’s equation [8], [9]

σ = 1

a
σwφ

m Sn
w (18)

where σw is the conductivity of the formation saline water,
a is the tortuosity factor, φ is the porosity, m is the exponent
of porosity, Sw is the water saturation, and n is the exponent of
saturation. Then, we have the variational expression about (18)

δσ = 1

a
σw
�
mφm−1Sn

wδφ + nφm Sn−1
w δSw

�
. (19)

For seismic parameters, we use Gassmann’s equa-
tions [8], [11]. In virtue of the acoustic approximation,
we only consider compressional wave (P-wave) and neglect
the shear modulus in this paper. In this case, we assume an
oil–water system. The gas saturation Sg is omitted. Therefore,
Gassmann’s equations are given as

K = (1 − β)Kma + β2M (20a)

M =
�
β − φ

Kma
+ φ

K f

�−1

(20b)

K f =
�

Cw
Sw
Kw

+ Co
So

Ko

�−1

(20c)

ρ = (1 − φ)ρma + φ(Swρw + Soρo) (20d)

where So = 1.0−Sw is the oil saturation, Kma and ρma are the
bulk modulus and the density of the matrix (solid or grain),
Kw is the bulk modulus for water, and Ko is the bulk modulus
for oil. Cw and Co are correction terms for water and oil, which
are usually equal to 1 [15]. The Biot coefficient β satisfies

β =
�
φ/φc, 0 ≤ φ ≤ φc

1, φ > φc
(21)

where φc is the critical porosity. We also make the variation
of (20) about φ and Sw

δK =
	
φβ2 M2

�
Co

Ko
− Cw

Kw

�

δSw

+
�

2βM − Kma − β2 M2

Kma

�
∂β

∂φ
δφ

− β2M2
�

1

K f
− 1

Kma

�
δφ (22a)

δρ = (Swρw + Soρo − ρma)δφ + φ(ρw − ρo)δSw (22b)

where ∂β/∂φ is

∂β

∂φ
=
�

1/φc, 0 ≤ φ ≤ φc

0, φ > φc.
(23)

The last step is to obtain the variational expressions of
(4), (8), (10), and (11)

δκ = − 1

K 2 δK (24)

δχ� = 1

σb
δσ (25)

δχκ = 1

κb
δκ (26a)

δχρ = 1

ρb
δρ. (26b)

Combining (12), (19), and (25) with the chain rule, we can
obtain the variational equation of the scattered electric field
about porosity and water saturation, which is expressed in the
discrete form with matrix

δEsct
q−1 = LEM

q−1

	
δφ
δSw



. (27)

By following the similar procedure, we combine (13), (22),
(24), and (26) and obtain the discrete form of the variational
equation of the scattered pressure field about porosity and
water saturation, which is expressed as

δpsct
q−1 = LS

q−1

	
δφ
δSw



. (28)

We can assemble (27) and (28) directly, and then the joint
variational equation including EM and seismic data is	

δEsct
q−1

ηδpsct
q−1



=
�

LEM
q−1 ηLS

q−1

� 	
δφ
δSw



(29)

where the joint petrophysical factor η is defined as

η =
��δEsct

q−1

����δpsct
q−1

�� (30)
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to balance the contribution of different fields during the
inversion process.

We express (29) compactly as

δfsct
q−1 = Lq−1δψ . (31)

Next, similar to (14), the cost function in the joint
petrophysical inversion is defined as

Fq(δψq) = ∥∥δfsct
q−1 − Lq−1δψq

∥∥2 + γ 2

∥∥δfsct
q−1

∥∥2

�δψq−1�2 �δψq�2.

(32)

The least square problem of (32) is transformed into
⎛
⎝L†

q−1Lq−1 + γ 2
��δfsct

q−1

��2

�δψq−1�2 I

⎞
⎠ δψq = L†

q−1fsct
q−1. (33)

This equation can also be solved by the CG method as (15).
Because the elements in the matrix of the left side and those
in the vector of right side of (33) are complex numbers,
the solution space of CG is in the complex number domain.
However, the porosity and water saturation are real physical
variables. Therefore, we can decouple the real and imaginary
parts of (33) and reassemble the equation as

Aδψq = b (34)

where

A =

⎛
⎜⎜⎜⎜⎝

Re

�
L†

q−1Lq−1 + γ 2
��δfsct

q−1

��2

�δψq−1�2 I

�

Im

�
L†

q−1Lq−1 + γ 2
��δfsct

q−1

��2

�δψq−1�2 I

�
⎞
⎟⎟⎟⎟⎠ (35)

b =
�

Re
�
L†

q−1fsct
q−1

�
Im
�
L†

q−1fsct
q−1

�
�
. (36)

During the inversion process, we introduce the nonlinear
transform to constrain the inverse parameter within a rea-
sonable range. For the VBIM in this paper, this nonlinear
transform and the corresponding inverse transform are [22]

ψ̃ = ψmin + ψmax exp(ψ)

1 + exp(ψ)
(37)

and

ψ = log(ψ̃ − ψmin)− log(ψmax − ψ̃) (38)

respectively, where ψmin is the lower limit while ψmax is the
upper limit. The variational equation for (37) is

δψ̃ = (ψmax − ψmin) exp(ψ)

[1 + exp(ψ)]2 δψ. (39)

By this transform, the inverse parameters ψ are always con-
strained between ψmin and ψmax. Therefore, the unreasonable
inversion results are avoided.

D. Joint Structural Inversion
In the previous work [18], we build a cross-gradient func-

tion for χ� and χc and use the alternative fashion in EM
and seismic VBIM joint inversion iteration. By enforcing
the structural similarity between different inverse parameters,
the poor inverted profile of one parameter can be improved
by the good resolution of the other parameter [32]. Here,
we adopt the similar strategy and also build a cross-gradient
function for φ and Sw

t = ∇φ × ∇Sw (40)

where × is the outer product operation. When the cross-
gradient function is minimized, the two edges in the profile of
different inverse petrophysical parameters are aligned along
the same orientation. Because φ and Sw range from 0 to 1
without units, it is unnecessary to normalize inverse parameters
as in [12]–[14]. The element of the cross-gradient function can
be discretized with the central difference method [18]

ti, j =
�
φi, j+1 − φi, j−1

2�z

��
Sw;i+1, j − Sw;i−1, j

2�x

�

−
�
φi+1, j − φi−1, j

2�x

��
Sw;i, j+1 − Sw;i, j−1

2�z

�
. (41)

As in [18], we expand t with first-order Taylor series around
tq−1 and neglect the high-order term

tq(ψq )
∼= tq−1(ψq−1)+ Bq−1δψq . (42)

Then, the cost function (32) is added with the cross-gradient
function (42)

Fq (δψq) = ∥∥δfsct
q−1 − Lq−1δψq

∥∥2 + γ 2

∥∥δfsct
q−1

∥∥2

�δψq−1�2 �δψq�2

+w2

��δfsct
q−1

��2

�tq−1�2 �tq−1 + Bq−1δψq�2 (43)

where w is the joint structural factor. Finally, this joint
petrophysical and structural cost function is transformed to
a form⎛
⎝L†

q−1Lq−1 + γ 2
��δfscat

q−1

��2

�δψq−1�2 I + w2
∥∥δfsct

q−1

∥∥2

�tq−1�2 B†
q−1Bq−1

⎞
⎠ δψq

= L†
q−1δf

sct
q−1 − w2

��δfsct
q−1

��2

�tq−1�2 B†
q−1tq−1 (44)

which is also solved by the CG method. It should be noted
that the simultaneous updating fashion will be used in this
paper. Therefore, (43) is different from the cost function used
for alternative updating fashion presented in our previous
work [18].

III. NUMERICAL ASSESSMENT

In this section, we will use two typical models to evaluate
different inversion methods. Both models are common in geo-
physical application engineering and widely used in geophysi-
cal inversion method evaluations. One model is the cross-well
measurement, in which the transmitters and receivers are
located in the two wells. The other is the marine surface
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Fig. 2. Cross-well model. (a) Porosity distribution. (b) Water saturation
distribution. There are 16 transmitters and 16 receivers located in the two
boreholes locating at x = 40 m and x = 560 m, respectively. The transmitters
distribute uniformly from z = 1125 m to z = 2175 m. The receivers distribute
uniformly from z = 1050 m to z = 2100 m.

exploration model, in which the transmitters and receivers are
located near the seabed. In all inversion processes mentioned
below, we use the nonlinear transform (37) to constrain the
inversion petrophysical parameters. For porosity, the con-
strained range is 0–0.35. For water saturation, the range is 0–1.
The fixed regularization factor γ in (32) is chosen as 0.3.
We use the initial model with the porosity and water saturation
which are 0.01 larger than the background parameters.

A. Cross-Well Model
Fig. 2 shows the petrophysical distribution of a typical

cross-well model. Several reservoirs with different shapes
are located between two boreholes. The background of the
model is homogeneous. The porosity φ is 0.1, and the water
saturation Sw is 0.3.

We assume the petrophysical parameters of reservoirs are
φ = 0.2 and Sw = 0.5. The other petrophysical constants in
the petrophysical equations (18) and (20) are mainly referred
to [8]. The Archie’s constants are a = 1, σw = 5.5 S/m,
m = 1.2, and n = 2.0. Gassmann’s constant are φc = 0.4,
ρma = 2560 kg/m3, ρw = 1050 kg/m3, ρo = 750 kg/m3,
Kma = 32 Gpa, Kw = 2.81 Gpa, and Ko = 0.75 Gpa.
There are total 16 transmitters and 16 receivers situated in two
boreholes, which are even spaced with the interval of 150 m.
We use single-frequency data in this model. The EM frequency
is 100 Hz, and the seismic frequency is 15 Hz. The inversion
domain is 500 m × 1000 m, which is discretized with
uniform square cells. The cell size is 5 × 5 m2, and thus
the cell number is 100 × 200. Unlike finite difference-based
inversion methods [8], [15], we do not need the perfect
matching layerlike boundary condition in VIE-based inversion
method. Hence, there is no need to expand the computational
domain.

First, we perform the EM-only inversion, i.e., we only apply
the VBIM to (27) to reconstruct the porosity and saturation
distribution in the cross-well model. After five iterations,
the data misfit is 2.80% and almost keeps unchanged, so the
VBIM terminates. The results are shown in Fig. 3(a) and (e).
We can see the water saturation in the inversion results is
closer to the true value than the porosity. This phenomenon is

due to the fact that the EM data is more sensitive to the water
saturation than to the porosity [8].

Similarly, we perform the inversion using only the seismic
data, and the results are shown in Fig. 3(b) and (f). The inver-
sion terminates after five iterations and the seismic data misfit
is 0.67%. Compared with the results in EM-only inversion,
the profile of porosity in seismic-only inversion has a much
better resolution and is closer to the true model. However,
the water saturation results are far away from the true values.
The reason is that the seismic data is less sensitive to the water
saturation compared with the porosity. Individual EM-only or
seismic-only inversion cannot recover well the porosity and
saturation simultaneously.

Then, we use the joint petrophysical inversion, i.e., apply the
VBIM algorithm to (29), to enhance the quality of the recon-
structed profiles. The results are shown in Fig. 3(c) and (g).
After the VBIM inversion finishes five iterations, the data
misfit for the scattered EM field is 0.75% and 0.48% for
the seismic field. Compared with the results of the separate
inversions shown in Fig. 3(a), (b), (e), and (f), not only the
resolution of the reconstructed profiles is improved but also
the values of the porosity and water saturation are closer to
the true values. We quantify the model misfits of different
inversion methods and list the results in Table I. The misfits
of the porosity and saturation are both reduced by joint petro-
physical inversion. We then further reduce the model misfits by
enforcing the structural similarity constraint between porosity
and water saturation in the joint inversion. The inverted profiles
of joint petrophysical and structural inversion are shown in
Fig. 3(d) and (h). The data misfit variations versus iteration
steps for different inversion processes are shown in Fig. 5.
We can see that the convergence is fast in all inversion
processes.

Finally, the antinoise ability of different inversion algo-
rithms is tested. We add Gaussian random white noises in the
data of the measured scattered field. The effects of different
signal-to-noise ratios (SNRs) are tested. The model misfit
changes along with the different SNR values are shown
in Fig. 6. We can see the model misfit increases with the
decrease of SNR. We also note that the model misfits in
the joint petrophysical with the structural similarity constraint
are always smaller than misfits without the constraint. The
model misfits for EM-only and seismic-only inversions when
the noise is added are obviously larger than the misfits for
joint inversions shown in Fig. 6 and thus are not displayed.
The inversion results when SNR = 1 dB are shown in Fig. 4.
We can see that the main reservoirs are still discernable and
the small reservoirs become blur when the noise is too big. The
joint petrophysical and structural inversion has the strongest
antinoise ability.

B. Marine Surface Exploration Model
For the marine surface exploration model, we use the

constants mainly referred to [15] in petrophysical equations
(18) and (20). a = 1, σw = 3.0, m = 0.4, n = 2.4, φc = 0.4,
ρma = 2560 kg/m3, ρw = 1050 kg/m3, ρo = 750 kg/m3,
Kma = 37 Gpa, Kma = 2.56 Gpa, and Kma = 0.75 Gpa.
As shown in Fig. 7, the upper layer is seawater, whose porosity
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Fig. 3. Inversion results for the cross-well model when noise free. Reconstructed distributions of (a) porosity and (e) water saturation using only EM data.
Reconstructed distributions of (b) porosity and (f) water saturation using only seismic data. Reconstructed distributions of (c) porosity and (g) water saturation
using both EM and seismic data. Reconstructed distributions of (d) porosity and (h) water saturation using both EM and seismic data with structural constraint.

TABLE I

MODEL MISFITS FOR DIFFERENT INVERSION METHODS

IN CROSS-WELL MODEL WHEN NOISE FREE

is 1.0 and water saturation is 1.0. The middle layer is the
seawater intrusion zone with the thickness of 400 m, whose
porosity is 0.3 and water saturation is 1.0. The lower layer
is the crust, whose porosity is 0.1 and water saturation is
0.8. Green’s function in layered medium is used. There are
40 transmitters and 40 receivers located near the seabed
at z = 100 m. The transmitters and receivers are placed
alternately with the interval of 300 m. We use the mul-
tifrequency simultaneous inversion in this model. We pick
EM frequency of 0.4 and 0.8 Hz, and seismic frequency of
0.4, 0.8, 1.2, and 1.6 Hz. The inversion domain in the lower

layer is 10 km × 4 km, and discretized with 250 × 100 cells.
The cell size is 40 × 40 m2.

First, we invert the EM-only data for this model. After
three inversion iterations, the EM data misfit is 0.97%. The
results are shown in Fig. 8(a) and (b). Due to the diffusive
characteristic of EM wave, the resolution is poor. Consistent
with the reason that the EM data are more sensitive to the
water saturation, the reconstructed profile of water saturation
is better than that of porosity.

Then, we only use seismic data to obtain the petrophysical
distribution and the results are shown in Fig. 8(c) and (d).
In the inversion iteration, when the data misfit approach-
ing 2.90%, it almost keeps unchanged any more. Thus,
the inversion process is stopped. The inverted profile of
porosity matches well with the true model. We can see that
the resolution in the porosity profile is better than that in
EM-only inversion, which is owing to the little attenuation
of seismic wave during propagation. Nevertheless, we have a
poor inversion result about the water saturation, because of the
weak sensitivity of seismic data for the water saturation.
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Fig. 4. Inversion results for the cross-well model when SNR = 1 dB. Reconstructed distributions of (a) porosity and (e) water saturation using only EM
data. Reconstructed distributions of (b) porosity and (f) water saturation using only seismic data. Reconstructed distributions of (c) porosity and (g) water
saturation using both EM and seismic data. Reconstructed distributions of (d) porosity and (h) water saturation using both EM and seismic data with structural
constraint.

Fig. 5. Inversion convergence process in the cross-well model. (a) EM data
misfits. (b) Seismic data misfits.

Hence, we use the joint petrophysical inversion to improve
the quality of reconstructed profiles. The results are shown
in Fig. 8(e) and (f). Compared with the previous inversion with
single physical data, the recovered resolution and values of
porosity and water saturation are improved obviously. At this
time, the inversion process terminates when the EM data misfit
is 0.54% and the seismic data misfit is 5.45%. In addition to

Fig. 6. Model misfits change with the SNR in the cross-well model. Model
misfits of (a) porosity and (b) water saturation.

the joint petrophysical method, we use structural similarity
constraint to obtain better results shown in Fig. 8(g) and (h).
We then compare the model misfits of these inversions and
list the results in Table II. We can see that the model misfits
are reduced by the joint petrophysical inversion and further
decreased by introducing the structural constraint, even when
the joint inversion is terminated with larger data
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Fig. 7. Marine surface exploration model. (a) Porosity distribution. (b) Water saturation distribution. There are 40 transmitters and 40 receivers near the
seabed at z = 0.1 km. The transmitters distribute uniformly from x = 0 km to x = 11.7 km. The receivers distribute uniformly from x = 0.3 km to x = 12 km.

Fig. 8. Inversion results for the marine surface exploration model when noise free. Reconstructed distributions of (a) porosity and (b) water saturation using
only EM data. Reconstructed distributions of (c) porosity and (d) water saturation using only seismic data. Reconstructed distributions of (e) porosity and
(f) water saturation using both EM and seismic data. Reconstructed distributions of (g) porosity and (h) water saturation using both EM and seismic data with
structural constraint.

misfits compared with EM-only or seismic-only inversions.
The data misfit changes with iterations for different inver-
sion processes are shown in Fig. 10. We can see that the

convergence is fast in the first several steps but becomes slow
when approaching the threshold. However, the convergence is
stable in all inversion processes.
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Fig. 9. Inversion results for the marine surface exploration model when SNR = 1 dB. Reconstructed distributions of (a) porosity and (b) water saturation
using only EM data. Reconstructed distributions of (c) porosity and (d) water saturation using only seismic data. Reconstructed distributions of (e) porosity
and (f) water saturation using both EM and seismic data. Reconstructed distributions of (g) porosity and (h) water saturation using both EM and seismic data
with structural constraint.

TABLE II

MODEL MISFITS FOR DIFFERENT INVERSION METHODS IN MARINE
SURFACE EXPLORATION MODEL WHEN NOISE FREE

Finally, we also test the effect of noise on the marine
surface exploration model. As in the cross-well model, we use
10 different SNR values to implement four types of inver-
sions. The model misfit versus SNR by joint inversions is
shown in Fig. 11. We can see the model misfit increases as
the noise increases and the performance of joint petrophys-
ical and structural inversion is better than that without the

Fig. 10. Inversion convergence process in the marine surface exploration
model. (a) EM data misfits. (b) Seismic data misfits.

structural constraint. Then, the inversion results when SNR =
1 dB are shown in Fig. 9. Compared with the noise-free
situation in Fig. 8, the resolution becomes worse. Nevertheless,
the basic information about the location of reservoir and values
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Fig. 11. Model misfits change with the SNR in the marine surface exploration
model. Model misfits of (a) porosity and (b) water saturation.

of petrophysical parameters have not changed much. In the
marine surface exploration model, the joint petrophysical and
structural inversion have the best ability of antinoise.

IV. CONCLUSION

In this paper, we develop a joint petrophysical and structural
inversion based on the VIE method. The key idea of this
method is to take the variation of the integral equations
about geophysical fields and petrophysical equations. Then,
by means of the chain rule, the direct inversion parameters
are changed from the geophysical parameters to petrophysical
parameters. In this way, the EM and seismic data are fused
to form the joint inversion cost function, which can be solved
by the CG method. Considering that the porosity and water
saturation have the same order of magnitudes, we can handily
build the cross-gradient function without normalization to
enforce the structural similarity constraint during the inversion
process.

We use two typical geophysical models based on the remote
sensing measurement to test our joint inversion methods.
One is the cross-well model, the other is the marine surface
exploration model. In both models, we first use individual
physical data to perform the separate inversions. The results
confirm that the EM-only inversion is more sensitive to water
saturation and the seismic-only inversion has a better ability to
recover porosity. Then, we use the joint petrophysical inversion
method with and without the structural similarity constraint to
enhance the reconstructed profiles. The results show that EM
data and seismic data can compensate each others’ drawbacks
and enhance each others’ merits. The model misfits of porosity
and water saturation decrease in the joint inversion. By the
introduction of structural similarity constraint, the model mis-
fits can be further decreased. Moreover, we test the antinoise
ability of the joint inversions. Even when SNR = 1 dB,
the locations of the reservoirs are discernable, and the values
of petrophysical parameters are near the true values. This
means that the proposed joint inversion methods in this
paper have the strong antinoise ability and can be potentially
applied in many geophysical engineering, such as petroleum
explorations, reservoir characterization, and monitoring.
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